Abstract. The problem for the stationary Navier-Stokes equation in 3D under finite Dirichlet norm is open. In this paper we answer the analogous question on the 3D hyperbolic space. We also address other dimensions and more general manifolds.
Introduction
Consider the following stationary Navier-Stokes equation on R n , n ≥ 2 −∆u + u · ∇u + ∇p = 0, (1.1)
together with the conditions that lim |x|→∞ u(x) = 0 and
where u : R n → R n and p : R n → R.
The zero solution is a solution, but is it the only solution? In all dimensions n = 3, the answer is known, and it is yes, zero solution is the only solution (see for example [4] ). In three dimensions, Galdi [4] has shown that if one imposes in addition that u ∈ L 9 2 (R 3 ) that the answer is also yes. However, the full problem in three dimensions remains open.
In this paper, under the assumptions of finiteḢ 1 norm only, without any additional assumptions on the integrability, we give a positive answer on a hyperbolic space in three dimensions (as well as four dimensions). The main result is Theorem 1.1. Let u be a divergence free, smooth 1-form on H N (−a 2 ), and p ∈ C ∞ (H N (−a 2 )), with N ≥ 2. If (u, p) satisfy the following stationary Navier-Stokes equation on H N (−a 2 ) 2 Def * Def u + ∇ u u + dp = 0, 4) and if If N = 2 and we know in addition that u ∈ L ∞ (H 2 (−a 2 )), then u = dF ∈ L 2 (H 2 (−a 2 )), where F is a harmonic function. If N ≥ 5, and in addition u ∈ L ∞ (H N (−a 2 )), then u = 0 on H N (−a 2 ).
Remark 1.2. In the Euclidean setting it is known (see for example [6, Ch 3, Proposition 2.7] ) that solutions to the stationary Navier-Stokes problem are smooth. Hence the smoothness assumption in Theorem 1.1 is quite natural. Moreover, if we consider the assumption lim |x|→∞ u(x) = 0 for solutions on a Euclidean space, then this combined with smoothness, leads to L ∞ bound on the solution. Hence the L ∞ assumption for dimensions N = 2 and N ≥ 5 is not surprising either.
For convenience, we work with 1-forms instead of vector fields. Using the metric, one can easily move between one and the other. Here ∇ denotes the covariant derivative, and Def is the deformation tensor, which is the symmetrization of the covariant derivative. If one likes, the operator Def * Def can be replaced by the Hodge Laplacian, dd * + d * d, or the Bochner Laplacian ∇ * ∇. They are related by the following formula
It will be clear from the proof of Theorem 1.1 that the statement of the result holds for these operators as well. Hence we have Corollary 1.3. Theorem 1.1 remains valid if the operator 2 Def
The statement of Theorem 1.1 and Corollary 1.3 can be extended to more general manifolds. We do this in section 4. The next section, Section 2, gathers all the necessary tools, and in Section 3, we bring everything together to establish Theorem 1.1 and Corollary 1.3.
Preliminaries
We use the following spaces. Let M be a complete Riemannian manifold of dimension N . Then
• Λ k (M ) denotes the space of smooth k-forms on M ;
• Λ k c (M ) denotes the space of smooth k-forms with compact support on M ;
is the space of all smooth, d * -closed (co-closed), compactly supported 1-forms on M ; 2.1. Key Lemmas. We begin with the following simple observation.
Lemma 2.1 (FromḢ 1 to L 2 ). Let N ≥ 2, and consider a smooth 1-form u ∈ Λ 1 (H N (−a 2 )) which satisfies
Moreover, we have the following a priori estimate
Proof. Consider a smooth 1-form u ∈ Λ 1 (H N (−a 2 )) which satisfies (2.1). Recall the following expressions of du and d * u in terms of ∇u du = η α ∧ ∇ eα u,
where {e α : 1 ≤ α ≤ N } is a local orthonormal frame of T H N (−a 2 ), and {η α : 1 ≤ α ≤ N } is the associated dual local frame of T * H N (−a 2 ). Equivalently, we can write in coordinates
where we sum over repeated indices. Then (2.3) or (2.4) immediately leads to the following two estimates
by the Weitzenböck formula
we have
Now integrate (2.7) against φ 2 R u to obtain (we drop the notation for Vol H N (−a 2 ) )
(2.9)
Since φ 2 R u has compact support in H N (−a 2 ), we can integrate the left hand side of (2.9) by parts. Hence
Similarly, from the right hand side of (2.9) we get (using
and also that
By combining (2.9), (2.10), (2.11), and (2.12), we yield
(2.13)
Rearranging and using
(2.14)
We now estimate the last three terms on the right hand side of (2.14) by the means of the Cauchy's inequality with ǫ. We get
It follows
, we obtain for all R > 0
So, by taking the limit on both sides of the above estimate, it follows from the dominated convergence theorem that the following estimate holds
Lemma 2.2. Consider a smooth 1-form u on H N (−a 2 ), which satisfies the following finite Dirichlet norm property
Then it follows that the following identity holds
.
(2.22)
Proof. Let u be a smooth vector field on H N (−a 2 ) which satisfies condition (2.21). By Lemma 2.1, we have u ∈ L 2 (H N (−a 2 )). Next, as in the proof of Lemma 2.1, we consider for each R > 0 a bump function φ R ∈ C ∞ (H N (−a 2 )), which satisfies the conditions in (2.8).
Then, it is easy to verify that we have the following property
which simply tells us that u ∈ H 1 0 (H N (−a 2 )). As a result, we can now find a sequence
From (1.6), which holds for any smooth 1-form w, we have 2 Def * Def w = 2dd
By applying the above identity to each w k and performing integration by parts, we deduce
(2.26)
Due to the pointwise estimate Def w ≤ ∇w , which holds on H N (−a 2 ) for any smooth 1-form w, it follows that we have
In light of property (2.24), we can pass to the limit in the above inequality and deduce
By essentially the same kind of reasoning, we also get the following limiting properties
Then by (2.28) and (2.29), we can now take k → ∞ in (2.26) and deduce that identity (2.22) must hold for u. This completes the proof of Lemma 2.2.
Lemma 2.3 (Interpolation Estimates)
. Let u ∈ Λ 1 (H N (−a 2 )) be smooth and satisfy
More precisely, we have
, N ≥ 5. 
The scalar product on forms is defined by Lemma 2.4. Let T be a current of degree 1. Then (T, v) = 0 for all v ∈ Λ 1 c,σ (M ) if and only if T = dP for some 0 degree current P .
Functional analysis framework. Now consider the linear space V defined by
where Λ 1 c,σ (H N (−a 2 )) is the space of all smooth, d * -closed, compactly supported 1-forms on H N (−a 2 ). So V is the completion of Λ 1 c,σ (H N (−a 2 )) in the H 1 norm. We now state and prove the following result, which was obtained in [1] in 2D.
38)
where
Remark 2.6. The main idea of the proof is the same as in 2D. For completeness, we reproduce the main details. The first difference in the proof comes towards the middle, where we cannot use the Hodge * operator to identify a 2−form with a function. Finally, the main difference for N ≥ 3 is in the end, where by [3] we know that F ≡ {0}, and hence we obtain (2.39) instead of (2.38).
Proof. v ∈ H 1 0 (H N (−a 2 )) : d * v = 0 is a Hilbert space, when equipped with the following standard inner product
We show V ⊥ ⊂ F, and because by [3] , F ≡ {0} for N ≥ 3, we get (2.39). For N = 2, we get
for θ ∈ V and in particular, for any test 1-form θ ∈ Λ 1 c,σ (H N (−a 2 )). Again, by (2.7) we have
43) So by integration by parts
Now, using the language of currents, we can write the last line as (d * dv, θ)+ (N − 1)a 2 (v, θ), where (·, ·) is the scalar product of a current with a form. So (2.42) is equivalent to −a 2 ) ). Thus by Lemma 2.4
for some 0 degree current P . Now, by applying d on both sides of (2.44), we obtain the following equation is satisfied by the 2-form ω = dv
We note that so far (2.45) holds on H N (−a 2 ) in the sense of currents. Next, observe that the property ω ∈ L 2 (H N (−a 2 )) follows directly from the fact that v ∈ H 1 (H N (−a 2 )). Observe that (2.45) is an elliptic system. So the standard elliptic theory tells us that the 2-form ω, as a solution to (2.45), must be smooth on H N (−a 2 ). Thus (2.45) actually holds in the classical sense.
We now proceed to prove that the 2-form ω is identically zero on H N (−a 2 ). To achieve this, we use the cut-off function φ R with properties (2.8). Integrating (2.45) against ωφ 2 R immediately gives
Integrating by parts in the first term above will produce an expression
If we also use that
then the first term in (2.46) becomes
Everything on the lhs of (2.46) has a positive sign except possibly
, but it can be bounded using Cauchy's inequality with ε = 
Using (2.48) and (2.47) in (2.46) gives
(2.49)
Taking a limit on both sides of (2.49) as R → ∞, gives
from which it follows that dv = ω = 0 holds on H N (−a 2 ). We also have d * v = 0 and v ∈ L 2 , so v is a harmonic L 2 1-form. By [3] , if N ≥ 3, v = 0. If N = 2, v can be nontrivial, and we can show v ∈ F. It can be also showed
3. Proof of Theorem 1.1
We are now ready to prove the Liouville theorem in the hyperbolic setting. To begin, let N ≥ 2 and consider a smooth divergence free vector field u and smooth function p on H N (−a 2 ), which together satisfy equation (1.4) and the finite Dirichlet norm property (1.5). Then by Lemma 2.1, u ∈ L 2 (H N (−a 2 )). This means that u ∈ H 1 (H N (−a 2 )), since now we have
We again consider a bump function φ R ∈ C ∞ c (H N (−a 2 )), which satisfies (2.8). Then (2.23) holds, so u ∈ H 1 0 (H N (−a 2 )). And since d * u = 0, it follows that u lies in
the function space considered in Section 2.3.
Since d * v k = 0, from integration by parts we have
By testing equation (1.4) against v k , it follows, by taking (3.4) into account, that the following relation holds 2
Next by integration by parts (using ug(u, v k − u) ∈ L 1 ), and then (2.32) we have
(3.6)
So by taking the limit in (3.6) as k → ∞, it follows that
Now, (3.7) enables us to take the limit on both sides of (3.5) as k → ∞, and deduce that the following property must hold 2
However by (2.31)
So because u|u| 2 ∈ L 1 , it follows (see for example [1, (A.27) ])
As a result, identity (3.8) now reduces down to the following simple relation
However, Lemma 2.2 tells us that u must satisfy the following estimate
Hence it follows from (3.10) that we must have u = 0 on H N (−a 2 ) for N ≥ 3 as needed. Case 2: N = 2. We employ an entirely different approach here. Take u ∈ Λ 1 (H 2 (−a 2 )) to be a smooth solution to (1.4) which satisfies property (1.5), and which is L ∞ -bounded on H 2 (−a 2 ). The key observation is that by taking the operator d on both sides of (1.4) (after we use (1.6) for 2 Def * Def), we can deduce the following vorticity equation
where ω ∈ L 2 (H 2 (−a 2 )) is the uniquely determined smooth function for which the relation du = ω Vol H 2 (−a 2 ) holds. As before, we consider the cut-off function φ R with property (2.8). Through testing (3.12) against ωφ 2 R , we can carry out an integration by parts argument to Corollary 4.1. Let N ≥ 2 and let M be a complete, simply connected N -dimensional manifold with Ric ≤ −(N − 1)a 2 < 0. Consider a smooth 1-form u ∈ Λ 1 (M ) which satisfies
Proof. Here just like in the proof of Lemma we have (2.3) and (2.4), so again
For L 2 bound, we again use the Weitzenböck formula
and integrate it against u and a bump function φ 2 R ∈ C ∞ c (M ) where φ R satisfies Rearranging and estimating just like in (2.14)-(2.17), we arrive at (2.18) stated on M instead of H N (−a 2 ). The remainder of the proof is then exactly the same. 
(4.8)
Proof. The proof is identical as Lemma 2.2 except that (2.26) becomes 2 Def w k
which leads to (4.8), which in this case is an inequality instead of the identity as in (2.22).
The interpolation identities are exactly the same, and this is when we need the positive injectivity radius and a lower bound on Ric (see [7, 5] ). The statements about currents are also the same. This leaves the statement of Theorem 2.5. If we do not include that the manifold is simply connected, then we need to replace the space F by the space of harmonic L 2 1-forms. The steps of the proof would be the same, and the conclusion would depend on the fact whether or not the manifold M admits nontrivial harmonic L 2 forms.
